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Abstract. We develop a rate equation model of the Storage Ring Free Electron Laser dynamics, which
includes bunch lengthening and energy spread increasing effects, due to the combined mechanism of po-
tential well distortion and collective random excitations. The model is based on the ordinary storage ring
Free Electron Laser equations, coupled to Haissinski-type equations, accounting for the previously quoted
effects. The obtained results are shown to provide a reliable tool, yielding a transparent understanding of
the interplay between Free Electron Laser and e-beam induced effects.

PACS. 29.20.Dh Storage rings – 41.60.Cr Free-electron lasers

1 Introduction

The Storage Ring Free Electron Laser (SR-FEL) dynam-
ics is a partially understood topic. The main aspects have
been clarified by the pioneering papers [1–3] on the sub-
ject, which were able to provide a clear understanding
of the interplay between FEL interaction induced e-beam
energy spread, damping and saturation. Subsequent ex-
perimental work [4,5] confirmed these mechanisms and
more recent investigations [6] have also confirmed the ex-
istence of stationary mode structures of the super-mode
type, suggested in references [3,7,8].

A complete understanding of SR-FEL dynamics de-
mands for a deeper insight into the interplay between the
FEL and the mechanisms leading to the SR e-beam in-
stabilities. Experimental observations [9,10] provided un-
expected conclusions. They seem to suggest that, under
given conditions, the FEL may induce a stabilizing feed-
back mechanism for instabilities yielding anomalous bunch
lengthening [11] and head tail effects [12]. Preliminary the-
oretical investigations [13,14] have provided a first under-
standing of the mechanisms underlying the above-quoted
phenomenology. We remind, indeed, that the microwave
instability and the consequent increase of bunch length
and energy spread are counteracted, according to refer-
ence [13], by the FEL-induced energy-dependent energy
spread and by the modification of the longitudinal damp-
ing times [15]. The stabilizing effect of the head-tail in-
stabilities occurs through a mechanism involving the FEL
gain and modification of the instability growth rate due
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to e-bunch lengthening induced by the FEL interaction it-
self. This paper is devoted to the development of a simple
dynamical model of a FEL oscillator allowing the inclu-
sion of potential well distortion and turbulence effects.
The model we develop is a combination of SR-FEL rate
equations, with a semianalytical description of the above-
quoted affects, which reduces the problem to the solution
of algebraic equations, yielding bunch length and energy
spread in terms of the main machine parameters.

Before entering into the specific details of the prob-
lem, let us remind the basic tools of the SR-FEL rate
equations analysis [16,17]. The dynamical behavior of this
type of device can be summarized as follows. An e-bunch is
passed many times through the optical cavity where emits
and amplifies coherent radiation, in this process the elec-
trons undergoes a diffusion effect which induces an energy
spread and a bunch lengthening, which is in turn respon-
sible for a reduction of the peak current. The consequent
gain reduction provides the switch off of the laser process.
When the FEL is no more active, the natural damping
mechanism restores the starting beam conditions so that
the lasing process may start again.

According to the above description the equations mod-
eling the SR-FEL dynamics can be written as [17]

d
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In equation (1) τ is a dimensionless time normalized to
the damping time τs, y is the dimensionless intracavity
optical power, σ̃ is the ratio between induced and natural



376 The European Physical Journal D

energy spread σε(0) and

µε(0) = 4Nσε(0) (2)

is the associated inhomogeneous broadening coefficient, r
is linked to the cavity losses and T to the machine revolu-
tion period. The first equation accounts for the intracav-
ity evolution intensity, the second for the induced energy
spread characterized by an increase due to the intracavity
power and by a reduction induced by the radiative damp-
ing. It is worth noting that the term 1

(1+σ̃2)0.5 accounts

for the degradation due to the induced bunch lengthen-
ing, while 1

[1+1.7µe(0)2(1+σ̃2)] for that due to the induced

energy spread.
Equations (1, 2) take into account the SR longitudinal

dynamics based on the ordinary radiative equilibrium the-
ory [18], possible modifications due to other effects have
not been considered within the framework of this type of
model.

The paper consists of four sections and one appendix.
In Section 2 we treat the combined effects of FEL and
potential well distortion, Section 3 is devoted to the prob-
lem of “Anomalous Turbulent Contributions”, finally Sec-
tion 4 contains concluding remarks and comparison to ear-
lier works. The Appendix is addressed to the details of the
notation and to numerical estimates of the parameters ex-
ploited in the main body of the paper.

2 FEL and potential well distortion

As already stated in the introductory section, this paper
contains an analysis of the mutual feedback between FEL
and SR longitudinal dynamics, with the inclusion of ef-
fects that yield length and relative energy spread of the
e-bunches larger than those predicted by the ordinary ra-
diative equilibrium theory [18]. These effects are due to
the coupling of the e-beam with the vacuum pipe and
the cases we will consider are those relevant to potential
well distortion and microwave instability. The first effect is
characterized by an increase of the bunch length without
appreciable variations of the energy spread, the second
also known as anomalous bunch lengthening is charac-
terized by an increase of both bunch length and energy
spread.

The so-called potential well distortion (p.w.d.) [19] is
caused by a modification in the potential of the accel-
erating voltage, induced by the short range e.m. fields
produced by the interaction of a bunch with the vacuum
chamber and machine devices. A consequence of p.w.d.
is an increase of the bunch length, which can be derived
from the so-called Haissinski equation, an integral equa-
tion which under the assumption of inductive wake-fields
and parabolic bunch distribution, leads to(

σz

σz,0

)3

−

(
σz

σz,0

)
−

A

σ3
z,0

= 0 , A = λI0
zi

n
, (3a)

where I0 is the average electron bunch current and zi/n
the broad-band impedance of the machine evaluated at a

characteristic frequency ωc = nω0 with ω0 the revolution
frequency and n = Lc

2πσz
with Lc being the ring circum-

ference. The parameter λ is a quantity depending on the
other characteristic machine parameters (for details see
the appendix). We have denoted by σz,0 the natural e-
bunch length, i.e. that which in the absence of the p.w.d.
effect is linked to the natural relative energy spread by

σz,0 =
cαc

ωs
σ0
ε , (3b)

where αc is the momentum compaction, ωs the syn-
chrotron frequency.

The important point to be stressed is that the p.w.d.
induces a modification of the bunch length and not of the
energy spread. We can therefore study the modification
in the FEL dynamics due to the p.w.d. according to the
following self-consistency loop:

a) The FEL induces an energy spread which combines
quadratically to the natural energy spread.

b) The new energy spread can be exploited through equa-
tions (1) to determine the bunch length, due to the
combined effect of the FEL and the p.w.d.

c) Both energy spread and bunch length can be exploited
to determine the FEL gain.

To describe the evolution of the system dynamics, we
use equations (1) which are still valid, provided that the
first is replaced by

dy

dτ
=
yτs

T
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, (4)

where

R(σ̃) =
σz(σ̃)

σz(0)
(5)

and σz(σ̃) is the root of the equation

σ3
z−(1+σ̃2)σz−Ā=0, σz=

(
σz

σz,0

)
, Ā=A/σ3

z,0 . (6)

The term containing 1
R(σ̃) accounts for the FEL-induced

effects combined to those due to the p.w.d.
The result of the numerical integration of equa-

tions (2-4) is provided in Figures 1, 2 for the parameters
of Table 1. It is evident that when the p.w.d. is active
(A 6= 0), the laser stationary power is larger than the case
without p.w.d. The reason is presumably due to the fact
that in the presence of p.w.d. the system is less sensitive
to bunch length variation as shown in Figure 2, where we
have reported the induced bunch lengthening vs. σ̃2 for
the cases with and without p.w.d.

The stationary output power can be obtained from the
equation [17]

E(r, µε(0)) = 1.422 rµ2
ε(0)X(r, µε(0)) , (7)

which defines the system efficiency, the quantity X ob-
tained from the equation

R(X)[1 + 1.7µ2
ε(0)(1 +X)] =

1

r
. (8)
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Fig. 1. a) A) Intracavity power evolution vs. t for a SR-FEL
with (continuous line) and without (dotted line) p.w.d. B) Evo-
lution of the FEL-induced bunch lengthening normalized to the
initial bunch length vs. t. In both cases we have taken Ā = 0.5
(for the other parameters see Tab. 1). b) Same as a) for Ā = 1.

~σ 2

Fig. 2. FEL bunch lengthening normalized to the initial bunch
length vs. σ̃2 for different values of Ā.

In Figures 3, 4, 5 we have reported the stationary intra-
cavity power vs. r at fixed µε(0) and Ā. It is evident that
in any case the output stationary power is larger when
p.w.d. is active.

Further comments will be presented in the concluding
section.

Table 1. T is not the machine revolution period but the ma-
chine revolution period normalized to the peak gain.

τs = 1.5 · 10−3 s
r = 0.47
T = 1.176 · 10−5 s
σε(0) = 8 · 10−4

N = 40

Fig. 3. Efficiency function vs. r for different Ā values and fixed
µε(0) = 0.2.

Fig. 4. Same as Figure 3 vs. µε(0) for different Ā values and
fixed r = 0.4.

3 FEL bunch lengthening and energy spread
increasing effects

In the previous section we have considered a case in which
the mechanisms, modifying the beam parameters with re-
spect to the natural values, leave the energy spread unaf-
fected.

However, when the bunch current gets larger, one may
have either bunch lengthening and energy spread increas-
ing. The phenomenon has been explained as the occur-
rence of a longitudinal instability due to the coupling of
the electrons with the SR environment, like electrodes
and spurious cavities. The items responsible for this in-
stability are resonating at high frequencies (typically in
the microwave region) with frequencies in the GHz range.
The relevant wavelengths are therefore short compared
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Fig. 5. Same as Figure 3 vs. Ā for fixed r = 0.15 and different
µε(0) values.

to the electron bunch length and the instability is there-
fore a single bunch effect without any machine turn by
turn memory. This effect, called anomalous or turbulent
bunch lengthening cannot be explained in terms of the
Haissinski treatment, since the bunch distribution is not
constant anymore. A more appropriate analysis requires
the direct solution of the Fokker-Planck equation [20] in
the time domain, or the use of numerical simulations [21].
In both cases a numerical treatment, requiring large com-
puter time, is necessary. In the following we will use the
analysis developed in reference [22], which allows to eval-
uate bunch length and energy spread from the modified
Haissinski equations(
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B = l1I
2
0K

2
e (σz,0) .

The physical origin of the new contributions depending
on the B factor which in turn depends on the loss fac-
tor Ke(σz,0) (for further details see the appendix) can be
traced back to nonlinearities of the wake fields. Further-
more the maximum amplitude of the last contribution has
been assumed to be proportional to the loss factor, whose
dependence on the bunch length has been parametrized
as (

σz,0
σz

)a. As to the value of a, it has been pointed out
that it is specific for the machine under consideration. By
using for example the scaling law which has first been ap-
plied to the machine SPEAR [23], we have a ∼= 1.21. (For
further details see the appendix.)

Independently of the physical explanation of the con-
tribution to the energy spread due to the B factor in equa-
tions (8), we want to remark that the model gives a be-
haviour of bunch length and energy spread vs. current in
agreement with those measured in different machines [22],
and in our case such an algebraic approach is sufficient for
studying the interaction with the FEL.

The SR-FEL rate equations of the previous section
require slight modifications, the second of equations (1)

Fig. 6. a) Same as Figure 1 for Ā = 0.5 B = 8, a = 3. b) Same
as Figure 1 for Ā = 1, B = 15, a = 2.

σ∼

Fig. 7. α(σ̃)/B vs. σ̃. Dashed line: Ā = 0.1, B = 20, a = 2.
Solid line: Ā = 0.1, B = 4, a = 2.

holds unchanged while the first should read

dy
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yτs
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where Σ(σ̃) is provided by

Σ(σ̃) =
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(
1 +

B

σz(σ̃)2a

)]0.5

(11)
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Fig. 8. Efficiency function vs. r. Long-dashed line: Ā = 0,
µε(0) = 0.2. Solid line: Ā = 0.5, µε(0) = 0.2, B = 30, a = 3.
Dashed line: Ā = 1, µε(0) = 0.2, B = 8, a = 3.

and σz(σ̃) is the root of

σ3
z − (1 + σ̃2)

(
1 +

B

σz(σ̃)2a

)
σz − Ā = 0 . (12)

The results of the numerical analysis are shown in Fig-
ures 6. It is evident that in this case too the stationary
output power of the FEL operating with the beam having
longer bunch and larger energy spread is larger or equiv-
alent to that of the natural case. The explanation of this
fact comes from Figure 7 where we have plotted the quan-
tity

α(σ̃) =
(1 + σ̃2)

σz(σ̃)2a
B , (13)

representing the contribution of the anomalous bunch
length to the FEL-induced energy spread. The adjective
anomalous remarks the difference in bunch length and
energy spread with respect to the values predicted by
the equilibrium between radiation damping and quantum
fluctuations. It is evident that for increasing σ̃ and for
a ≥ 1.2, the quantity α(σ̃) decreases. This result is worth
to be emphasized. In reference [21] the B contribution
term to equation (8) has been interpreted as the turbulent
part leading to anomalous bunch lengthening and energy
spread, while in references [13,23], to explain the exper-
imental results, it was assumed that the turbulent part
was decreased by the FEL interaction, as confirmed by
the present investigation.

The equilibrium output power can be evaluated as be-
fore with the only difference that the stationary intracav-
ity dimensionless power is provided by

R(x)
[
1 + 1.7µ2

ε(0)Σ(X)2
]

=
1

r
. (14)

The corresponding efficiency function is given in Figure 8,
and in this case too larger values correspond to an opera-
tion affected by the corrections of equations (9).

Fig. 9. Induced energy spread normalized to the natural en-
ergy spread vs. σ̃. Solid line: Ā = 1, B = 20, a = 2. Dashed
line: Ā = B = 0 (natural case).

Fig. 10. Position of the longitudinal bunch centroid vs. time.
a) Evolution dominated by Microwave Instability only. b) FEL
interaction switched on at 4.5 ms. The FEL power corresponds
to the threshold value sufficient to suppress the instability,
without inducing additional energy spread growth.

4 Concluding remarks

We consider important, for a more complete understand-
ing of the FEL-Microwave instability interplay, to point
out that the mechanism leading to the anomalous bunch
lengthening are not different from those underlying the
FEL dynamics itself. When the peak current exceeds a
certain limit the instability may grow but it in turn deter-
mines an increase of the energy spread and bunch length,
when the peak current is reduced the instability does not
grow any more and the anomalous part of the energy
spread is reduced by radiation damping effects. When the
original peak current values are restored the mechanism
may start again. It is evident that any effect providing
further energy spread may act as a feedback element for
the microwave instability.

This statement is further supported by Figure 9, where
we have reported induced energy spread vs. σ̃ for the cases
with and without anomalous bunch lengthening effects. It
is evident that when σ̃ increases, there are not appreciable
differences between the two cases. This result is particu-
larly interesting also because reproduces an analogous cal-
culation of reference [13] where the effects of the instability
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a) b)

Fig. 11. Same as Figure 10 for the r.m.s. bunch length.

have been modeled using a totally numerical procedure,
based on a ray-tracing analysis of the longitudinal phase
space evolution.

A more transparent insight is provided by Figure 7
which allows the conclusion that the anomalous part of
the bunch lengthening vanishes with increasing intracavity
power and thus with increasing induced energy spread.

The results of this paper confirm in a more quantitative
way the suggestion put forward in previous investigations,
according to which the onset of the FEL allows the con-
ditions to switch off the instability. The induced energy
spread causes, indeed, a bunch lengthening, which in turn
reduces the peak current and thus the coupling with the
SR environment, which eventually determines a reduction
of the loss power efficiency. Within the present context,
the above-described phenomenology, can be traced back
to the basic assumption of the model according to which
the anomalous part of the energy spread is depending on
the wake-field intensity, which in turn is linked to the total
bunch length. An increase of the bunch length leads to a
reduction of the wake field emission efficiency.

The agreement between the present results and those
of reference [13] is important because it confirms the pos-
sibility of describing, by employing a toy model and a
fairly modest computational effort, a feedback mechanism
which may have an important impact in the development
of SR-FEL sources and also for the design of SR with high
brightness and low intrinsic noise. An example is provided
by Figures 10, 11 where we have reported the evolution
calculated with a numerical code of the electron e-bunch
center of mass and r.m.s. length, under the influence of
microwave instability and FEL interaction. The particu-
larly noisy behaviour is counteracted by the onset of a
low-intensity FEL which significantly reduces the noise,
without providing additional effects.

Appendix

In the previous Sections we have used dimensionless vari-
ables, which will be specified in this appendix for com-
pleteness.

The Haissinski equation, in the propert units and un-
der appropriate conditions reads

σ3
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2
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n
= 0 , (A.1)

where
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) , (A.2)

with I0 being the bunch average current, zi/n the nor-
malized impedance, αc the momentum compaction, ωs the
synchrotron frequency, Lc the machine length and E0 the
nominal machine energy. By using typical values we obtain

λ ∼ 7.3 · 10−4[m3eV−1] . (A.3)

By assuming furthermore zi/n of the order of few Ω, I0
of few tens of mA and σz,0 of the order of centimeters, we

find that Ā = λI0zi/n

σ3
z,0

is of the order of unity. This justifies

the values we have used in the numerical examples.
The equations valid in the microwave instability regi-

me should read as
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where

`1 =
144ε0L

2
cρ

2

55
√

3~c3γ7
, (A.5)

ke(σz,0) is the loss factor and ρ the bending radius, the use
of typical reference numbers provides for values ranging
between 100 and 102.
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